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Abstract
A well-known result of Ko¨the and Cohen-Kaplansky states that a commutative ring
R has the property that every R-module is a direct sum of cyclic modules if and only
if R is an Artinian principal ideal ring. This motivated us to study commutative
rings for which every ideal is a direct sum of cyclic modules. Recently, in [M. Be-
hboodi, A. Ghorbani, A. Moradzadeh-Dehkordi, Commutative Noetherian local rings
whose ideals are direct sums of cyclic modules, J. Algebra 345 (2011) 257–265] the
authors considered this question in the context of finite direct products of commuta-
tive Noetherian local rings. In this paper, we continue their study by dropping the
Noetherian condition.
1. Introduction
The study of rings over which modules are direct sums of cyclic modules has a long history.
The first important contribution in this direction is due to Ko¨the [6] who considered rings
over which all modules are direct sums of cyclic modules. Ko¨the showed that over an
Artinian principal ideal ring, each module is a direct sum of cyclic modules. Furthermore,
if a commutative Artinian ring has the property that all its modules are direct sums of
∗The research of the first author was in part supported by a grant from IPM (No. 91130413). This
research is partially carried out in the IPM-Isfahan Branch.
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cyclic modules, then it is necessarily a principal ideal ring. Later, Cohen and Kaplansky
[3] obtained the following.
Result 1.1. (Cohen and Kaplansky, [3]) If R is a commutative ring such that each R-
module is a direct sum of cyclic modules, then R must be an Artinian principal ideal ring.
An interesting natural question arises. Instead of considering rings for which all mod-
ules are direct sums of cyclic modules, we weaken this condition and study rings R for
which it is assumed only that the ideals of R are direct sums of cyclic modules. The study
of such commutative rings was initiated by Behboodi, Ghorbani and Moradzadeh-Dehkordi
in [1]. In particular, they established the following theorem.
Result 1.2. ([1, Theorem 2.11]) Let (R,M) be a commutative Noetherian local ring, where
M denotes the unique maximal ideal of R. Then the following statements are equivalent:
(1) Every ideal of R is a direct sum of cyclic R-modules.
(2) There exist an positive integer n and a set of elements {w1, · · · , wn} ⊆ R such that
M = Rw1 ⊕ · · · ⊕Rwn with at most two of Rwi
,s not simple.
(3) There exists an positive integer n such that every ideal of R is a direct sum of at most
n cyclic R-modules.
(4) Every ideal of R is a direct summand of a direct sum of cyclic R-modules.
In this paper we consider commutative local rings for which every ideal is a direct sum
of cyclic modules, that is, we drop the Noetherian condition from [1]. In particular, we
describe the ideal structure of such rings.
In the sequel all rings are commutative with identity and all modules are unital. For
a ring R, we denote (as usual) the set of prime ideals of R by Spec(R). Also, Nil(R) is
the ideal of all nilpotent elements of R. We denote the classical Krull dimension of R by
dim(R). Let X be either an element or a subset of R. The annihilator of X is the ideal
Ann(X) = {a ∈ R | aX = 0}. A ring R is local in case R has a unique maximal ideal. In
this paper (R,M) will be a local ring with maximal ideal M. An R-module N is called
simple if N 6= (0) and it has no submodules except (0) and N . An R-module M is a
semisimple module if it is a direct sum of simple modules. Also, an R-module M is called
a homogenous semisimple R-module if it is a direct sum of isomorphic simple R-modules,
i.e., Ann(M) is a maximal ideal of R.
It will be shown (see Theorems 3.1 and 3.3) that if a local ring (R,M) has the property
that every ideal of R is a direct sum of cyclic R-modules, then dim(R) ≤ 1 and |Spec(R)| ≤
3. Moreover, there is an index set Λ and a set of elements {x, y}∪{wλ}λ∈Λ ⊆ R such that
M = Rx⊕Ry⊕ (
⊕
λ∈ΛRwλ) with: each Rwλ a simple R-module, R/Ann(x), R/Ann(y)
principal ideal rings, and Spec(R) ⊆ {(0),M, Rx⊕(
⊕
λ∈ΛRwλ), Ry⊕(
⊕
λ∈ΛRwλ)}. Also,
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we prove the following main theorem.
Result 1.3. (See Theorem 3.7) For a local ring (R,M) the following statements are
equivalent:
(1) Every ideal of R is a direct sum of cyclic R-modules.
(2) Every ideal of R is a direct sum of cyclic R-modules, at most two of which are not
simple.
(3) There is an index set Λ and a set of elements {x, y} ∪ {wλ}λ∈Λ ⊆ R such that M =
Rx⊕Ry⊕ (
⊕
λ∈ΛRwλ) with: each Rwλ a simple R-module, R/Ann(x) and R/Ann(y)
principal ideal rings.
(4) Every ideal of R is a direct summand of a direct sum of cyclic R-modules.
Finally, some relevant examples and counterexamples are indicated in Section 4.
2. Preliminaries
We begin this section with the following result from commutative algebra due to I. M.
Isaacs which states that to check whether every ideal in a ring is principal, it suffices to
test only the prime ideals.
Lemma 2.1. (Attributed to I. M. Isaacs in [5, p. 8, Exercise 10]) A commutative ring R
is a principal ideal ring if and only if every prime ideal of R is a principal ideal.
Proposition 2.2. Let R be a ring. If every prime ideal of R is a direct sum of cyclic
R-modules, then R/P is a principal ideal domain (PID) for each prime ideal P ∈ Spec(R).
Consequently, dim(R) ≤ 1.
Proof. Assume that P ∈ Spec(R) and Q/P is a prime ideal of R/P . Since Q ∈ Spec(R),
Q = ⊕i∈IRxi for some index set I and xi ∈ R for each i ∈ I. If Q/P is nonzero, then
there exists j ∈ I such that xj /∈ P . Since for each i ∈ I, RxiRxj = (0) ⊆ P , we conclude
that Rxi ⊆ P for each i 6= j. It follows that xj + P ∈ R/P is a generator for Q/P . Thus
by Lemma 2.1, R/P is a PID. Since this holds for all prime ideals P of R, we conclude
that dim(R) ≤ 1. 
The following two results from [1] are crucial to our investigation.
Lemma 2.3. ([1, Proposition 2.2]) Let (R,M) be a local ring. Suppose that M =
Rx⊕Ry⊕Rz⊕K for nonzero elements x, y, and z and an ideal K of R. Further suppose
that neither of Rx, Ry, or Rz is a simple R-module. Then the ideal J := R(x+y)+R(x+z)
is not a direct sum of cyclic R-modules.
Lemma 2.4. ([1, Corollary 2.3]) Suppose (R,M) is a local ring such that every ideal of
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R is a direct sum of cyclic R-modules. Then there is an index set Λ and a set of elements
{wλ}λ∈Λ ⊆ R such that M =
⊕
λ∈ΛRwλ with at most two of the Rwλ’s not simple.
Lemma 2.5. (See [8, Proposition 3]) Let R be a local ring and let M be an R-module. If
there is an index set Λ and a set of ideals {Iλ}λ∈Λ such that M =
⊕
λ∈ΛR/Iλ, then every
direct summand of M is also a direct sum of cyclic R-modules, each isomorphic to one of
the R/Iλ.
Lemma 2.6. Let R be a ring and let M be a homogenous semisimple R-module. Then
there is an index set Λ and a set of elements {wλ}λ∈Λ ⊆ R such that M =
⊕
λ∈ΛRwλ
where Rwλ’s are isomorphic simple R-modules and every submodule of M is also of the
form N =
⊕
γ∈ΓRw
′
γ where Γ is an index set with |Γ| ≤ |Λ| and Rw
′
γ’s are isomorphic
simple R-modules.
Proof. The proof is clear from the fact that Ann(M) is a maximal ideal of R and M is
an R/Ann(M)-vector space. 
We conclude this section with the following proposition from [1] that provides an
analogue of the Invariant Base Number of a free module over a commutative ring.
Lemma 2.7. ([1, Proposition 2.15]) Let R be a ring. The following statements are equiv-
alent:
(1) R is a local ring.
(2) If
⊕n
i=1Rxi
∼=
⊕m
j=1Ryj where n, m ∈ N and ∀i, j, Rxi, Ryj are nonzero cyclic
R-modules, then n = m.
(3) If
⊕
i∈I Rxi
∼=
⊕
j∈J Ryj where I, J are index sets and Rxi, Ryj are nonzero cyclic
R-modules, then |I| = |J |.
3. Main Results
Theorem 3.1. Let (R,M) be a local ring such that every ideal of R is a direct sum of
cyclic R-modules. Then dim(R) ≤ 1, |Spec(R)| ≤ 3, and there is an index set Λ and a
set of elements {x, y} ∪ {wλ}λ∈Λ ⊆ R such that M = Rx⊕Ry ⊕ (
⊕
λ∈ΛRwλ) with: each
Rwλ a simple R-module. Moreover,
(a) If x, y ∈ Nil(R), then Spec(R) = {M}.
(b) If M = Rz and z 6∈ Nil(R), then Spec(R) = {(0),M}.
(c) IfM is not cyclic, x 6∈ Nil(R) and y ∈ Nil(R), then Spec(R) = {M, Ry⊕(
⊕
λ∈ΛRwλ)}.
(d) IfM is not cyclic, x ∈ Nil(R) and y 6∈ Nil(R), then Spec(R) = {M, Rx⊕(
⊕
λ∈ΛRwλ)}.
(e) If M is not cyclic and x, y 6∈ Nil(R), then
4
Spec(R) = {M, Rx⊕ (
⊕
λ∈ΛRwλ), Ry ⊕ (
⊕
λ∈ΛRwλ)}.
Proof. By Proposition 2.2, dim(R) ≤ 1. Also, by Lemma 2.4, there is an index set Λ and
a set of elements {x, y}∪{wλ}λ∈Λ ⊆ R such thatM = Rx⊕Ry⊕ (
⊕
λ∈ΛRwλ) with: each
Rwλ a simple R-module. Thus by [1, Lemma 2.1], w
2
λ = 0 for each λ ∈ Λ. We consider
the following five cases.
Case (a): Suppose that x, y ∈ Nil(R). Since w2λ = 0 for each λ ∈ Λ, we conclude that
Nil(R) =M and thus Spec(R) = {M}.
Case (b): Suppose that M = Rz and z 6∈ Nil(R). Then dim(R) = 1. Let P ∈
Spec(R) \ {M}. Since P ( M = Rz, P = Pz and, by Nakayama’s lemma, P = (0)
(since Nakayama’s lemma holds for any direct sum of finitely generated modules). Thus,
by Lemma 2.1, R is a principal ideal domain and Spec(R) = {(0),M}.
Case (c): Suppose thatM is not cyclic, x 6∈ Nil(R) and y ∈ Nil(R). Then Nil(R) 6=M
and dim(R) = 1. Let P be a prime ideal of R such that P (M. Since w2λ = 0 for each λ ∈
Λ, we conclude that Ry⊕(
⊕
λ∈ΛRwλ) ⊆ P . Thus P = (Rx∩P )⊕Ry⊕(
⊕
λ∈ΛRwλ). Since
M 6⊆ P , it follows that x 6∈ P and so Rx∩P = Px. Thus P = Px⊕Ry⊕(
⊕
λ∈ΛRwλ) and
hence, Px = Px2 = RxPx. By Nakayama’s lemma, Px = 0. Thus P = Ry⊕(
⊕
λ∈ΛRwλ).
Therefore, Spec(R) = {M, Ry ⊕ (
⊕
λ∈ΛRwλ)}.
Case (d): If M is not cyclic, x ∈ Nil(R) and y 6∈ Nil(R) and a similar argument allows
us to conclude that Spec(R) = {M, Rx⊕ (
⊕
λ∈ΛRwλ)}.
Case (e): Suppose that M is not cyclic and x, y 6∈ Nil(R). Thus Nil(R) 6= M
and so dim(R) = 1. Let P be a prime ideal of R such that P ( M. Since xy = 0,
x ∈ P or y ∈ P . If x ∈ P , then y 6∈ P and P = Rx ⊕ (P ∩ Ry) ⊕ (
⊕
λ∈ΛRwλ). As
in Case (c), we have Ry ∩ P = Py = (0) and P = Rx ⊕ (
⊕
λ∈ΛRwλ). Similarly, if
y ∈ P , then P = Ry ⊕ (
⊕
λ∈ΛRwλ). On the other hand, since x, y 6∈ Nil(R), there
exist P1, P2 ∈ Spec(R) \ {M} such that x ∈ P1, y 6∈ P1 and x 6∈ P2, y ∈ P2. Therefore,
Spec(R) = {M, Rx⊕ (
⊕
λ∈ΛRwλ), Ry ⊕ (
⊕
λ∈ΛRwλ)}. 
We can now state the following corollary, an analog of both Kaplansky’s theorem [4,
Theorem 12.3] (which states that a commutative Noetherian ring R is a principal ideal
ring if and only if every maximal ideal of R is principal) and Cohen’s theorem [2] (which
states that R is Noetherian if and only if every prime ideal of R is finitely generated).
Corollary 3.2. Let (R,M) be a local ring such that every ideal of R is a direct sum
of cyclic R-modules. Then M is cyclic (resp. finitely generated) if and only if R is a
principal ideal ring (resp. Noetherian ring).
Proof. From Theorem 3.1, we see that if M is principal (resp. finitely generated), then
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the same holds for every prime ideal of R. The conclusion follows from Lemma 2.1 (resp.
Cohen’s theorem). 
Next, we sharpen Corollary 2.3 of [1] (see Lemma 2.4).
Theorem 3.3. Let (R,M) be a local ring such that every ideal of R is a direct sum of
cyclic R-modules. Then, with the notation of Theorem 3.1, both R/Ann(x) and R/Ann(y)
are principal ideal rings.
Proof. Using Theorem 3.1, we see that each prime ideal of S := R/(Ry ⊕ (
⊕
λ∈ΛRwλ))
is principal. Now Lemma 2.1 implies that S is a principal ideal ring. Since Ry ⊕
(
⊕
λ∈ΛRwλ) ⊆ Ann(x), R/Ann(x) is a homomorphic image of S and is thus a princi-
pal ideal ring. Similarly, R/Ann(y) is a principal ideal ring. 
Let us now outline the proof of the main theorem of this paper. We have divided the
proof into a sequence of propositions.
Proposition 3.4. Let (R,M) be a local ring such that M = Rx⊕ L for some ideal L of
R and some x ∈ R. Suppose further that R/Ann(x) is a principal ideal ring. Then every
nonzero element of Rx is of the form axn for some unit a and positive integer n.
Proof. We identify Rx with R¯ := R/Ann(x). Then an element a ∈ R is a unit whenever
a¯ is a unit in R¯ (in fact, if a¯b¯ = 1¯ for some b ∈ R, then ab − 1 ∈ Ann(x) ⊆ M and so
a is a unit in R). Since R¯ is a local principal ideal ring, with maximal ideal R¯x¯, R¯ is
a Noetherian ring and so by Krull’s intersection theorem ∩∞i=1R¯x¯
i = (0). Suppose that
0 6= rx ∈ Rx where r is not a unit. Thus 0 6= r¯ ∈ R¯x¯. We claim that r¯ = a¯x¯n for
some unit a¯ and n ∈ N. If not, for each i ∈ N there exists r¯i ∈ R¯x¯ such that r¯ = r¯ix¯
i,
i.e., r¯ ∈ ∩∞i=1R¯x¯
i = (0), a contradiction. Therefore, r¯ = a¯x¯n for some unit a¯ and n ∈ N.
Consequently, a is a unit in R and rx = axn+1, which completes the proof. 
Proposition 3.5. Let (R,M) be a local ring such that there is an index set Λ and a set of
elements {x} ∪ {wλ}λ∈Λ ⊆ R such that M = Rx⊕ (
⊕
λ∈ΛRwλ) with: each Rwλ a simple
R-module and R/Ann(x) principal ideal ring. Then every proper ideal of R is of the form
I = Rx′ ⊕ (
⊕
γ∈ΓRw
′
γ) where Γ is an index set with |Γ| ≤ |Λ|, Rw
′
γ’s (γ ∈ Γ) are simple
R-modules and x′ ∈ R is such that R/Ann(x′) is a principal ideal ring.
Proof. Assume that I is a proper ideal of R and L =
⊕
λ∈ΛRwλ. Clearly, L is a
homogenous semisimple R-module with L2 = (0). If I ⊆ Rx, then every ideal contained
in I is principal, and we are done since R/Ann(x) is a principal ideal ring. If I ⊆ L, then
by Lemma 2.6, I is a direct sum of at most |Λ| simple modules. Thus we can assume that
I 6⊆ Rx, I 6⊆ L and (0) ( I (M. By Proposition 3.4, there exist n ∈ N and l ∈ L such
that xn + l ∈ I. Among all such expressions, choose one, xn0 + l0, with n0 minimal. We
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set x′ = xn0 if xn0 ∈ I, otherwise we set x′ = xn0 + l0. Set
J := {l ∈ L | ax+ l ∈ I, for some a ∈ R}.
Then J is an ideal of R with J ⊆ L. We next prove that Rx′ ∩ (I ∩ J) = (0). For see
this, let rx′ ∈ Rx′ ∩ (I ∩ J) where r ∈ R. If xn0 ∈ I, then x′ = xn0 and so rx′ = rxn0 ∈
Rx ∩ L = (0). If xn0 6∈ I, then rx′ = r(xn0 + l0) = l for some l ∈ I ∩ J ⊆ L. Hence we
have rxn0 = l − rl0 ∈ Rx ∩ L = {0}. Since x
n0 6∈ I, r is not a unit and so by Proposition
3.4, r = axn + l1 where a is a unit, l1 ∈ L and n ∈ N. Since L
2 = (0), we conclude that
rx′ = (axn + l1)(x
n0 + l0) = ax
n+n0 = l ∈ Rx ∩ L = {0}. Thus Rx′ ∩ (I ∩ J) = (0)
and Rx′ ⊕ (I ∩ J) ⊆ I. In fact, we will show that I = Rx′ ⊕ (I ∩ J). Assume that
u = axs+ l ∈ I where a ∈ (R \M)∪ {0}, s ∈ N and l ∈ L. If a = 0, then l ∈ I ∩ J and so
u = l ∈ Rx′ ⊕ (I ∩ J). Thus we can assume that a ∈ R \M. Therefore,
u− axs−n0x′ = (axs + l)− axs−n0(xn0 + l0) = l + ax
s−n0l0 ∈ I.
Since l and l0 contained in J , l + ax
s−n0l0 ∈ J . Hence it follows that u ∈ Rx
′ ⊕ (I ∩ J).
Therefore, I = Rx′ ⊕ (I ∩ J). By Lemma 2.6, I ∩ L is a direct sum of at most |Λ| simple
R-modules. Since Ml0 = (0), we conclude that Ann(x
n0 + l0) = Ann(x
n0). This implies
that Rx′ ∼= Rxn0 ⊆ Rx. Since R/Ann(x) is a principal ideal ring, R/Ann(x′) is also a
principal ideal ring. 
Proposition 3.6. Let (R,M) be a local ring such that there is an index set Λ and a set
of elements {x, y}∪{wλ}λ∈Λ ⊆ R such that M = Rx⊕Ry⊕ (
⊕
λ∈ΛRwλ) with: each Rwλ
a simple R-module and R/Ann(x), R/Ann(y) principal ideal rings. If I is an ideal of R,
then one of the following holds:
(i) There is an index set Γ and a set of elements {x′, y′} ∪ {w′γ}γ∈Γ ⊆ R such that I =
Rx′⊕Ry′⊕(
⊕
γ∈ΓRw
′
γ) with: |Γ| ≤ |Λ|, each Rw
′
γ a simple R-module, and R/Ann(x
′),
R/Ann(y′) principal ideal rings.
(ii) There is an index set Γ and a set of elements {z′} ∪ {w′γ}γ∈Γ ⊆ R such that I =
Rz′ ⊕ (
⊕
γ∈ΓRw
′
γ) with: |Γ| ≤ |Λ|, each Rw
′
γ a simple R-module, and each ideal of
R/Ann(z′) a direct sum of at most two principal ideals.
Proof. By Proposition 3.5 we can assume that Rx and Ry are not simple R-modules.
Let L =
⊕
λ∈ΛRwλ. Clearly both R/Rx and R/Ry are local rings with maximal ideals
Mx = M/Rx ∼= Ry ⊕ L and My = M/Ry ∼= Rx ⊕ L. Assume that I is an ideal of
R. First, note that if I ⊆ Rx ⊕ L (resp. I ⊆ Ry ⊕ L), then I ∼= (I ⊕ Ry)/Ry (resp.
I ∼= (I ⊕Rx)/Rx) and so, by Proposition 3.5, I = Rx′⊕ (
⊕
γ∈ΓRw
′
γ) where Γ is an index
set with |Γ| ≤ |Λ|, the Rw′γ ’s (γ ∈ Γ) are simple R-modules, and x
′ ∈ R is such that
R/Ann(x′) is a principal ideal ring. Therefore, according to the above remark, we can
assume that I 6⊆ Rx⊕ L, I 6⊆ Ry ⊕ L and (0) ( I (M.
7
By Proposition 3.4, every element of I has the form axs+byt+l where a ∈ (R\M)∪{0},
b ∈ (R \M)∪ {0}, s, t ∈ N and l ∈ L. Since I 6⊆ Rx⊕L, and I 6⊆ Ry⊕L, it follows that
there exist e1, e2 ∈ I where e1 = a1x
n + b1y
t + l1, and e2 = a2x
s + b2y
m + l2 for some
a1, b2 ∈ R \M, a2, b1 ∈ R, l1, l2 ∈ L and n, s, t, m ∈ N (in fact e1 ∈ I \Rx⊕ L and
e2 ∈ I \ Ry ⊕ L). Thus xe1 = a1x
n+1 ∈ I and ye2 = b2y
m+1 ∈ I. Since a1, b2 ∈ R \M,
xn+1 ∈ I and ym+1 ∈ I. Suppose that n0 (resp. m0) is the smallest natural number such
that xn0 + l1 ∈ I (resp. y
m0 + l2 ∈ I) for some l1 ∈ L (resp. l2 ∈ L). We set x
′ = xn0 if
xn0 ∈ I, otherwise we set x′ = xn0 + l1. Also, we set y
′ = ym0 if ym0 ∈ I, otherwise we set
y′ = ym0 + l2. Set
J := {l ∈ L | ax+ by + l ∈ I, for some a, b ∈ R}.
Then J is an ideal of R with J ⊆ L. On can easily see that Rx′ + Ry′ + (I ∩ J) =
Rx′ ⊕Ry′ ⊕ (I ∩ J) ⊆ I. Now we proceed by cases.
Case (a): Suppose that I = Rx′ ⊕Ry′ ⊕ (I ∩ J). By Lemma 2.6, I ∩ J is a direct sum
of at most |Λ| simple R-modules. It follows that I is a direct sum of at most |Λ|+2 cyclic
modules by Lemma 2.7. Also, if x′ 6= 0, then xn0 6= 0 and so Ann(x′) = Ann(xn0) since
Ml1 = (0). It follows that R/Ann(x
′) is a principal ideal ring (since Rxn0 ⊆ Rx). We
conclude similarly that either Ry′ = (0) or R/Ann(y′) is a principal ideal ring.
Case (b): Suppose that Rx′ ⊕ Ry′ ⊕ (I ∩ J) ( I. We claim that every element of
I \ (Rx′⊕Ry′⊕ (I ∩ J)) is of the form cxn0−1+ dym0−1+ l where c, d ∈ R \M and l ∈ L.
Let z = cxs+dyt+l ∈ I\(Rx′⊕Ry′⊕(I∩J)) where c, d ∈ (R\M)∪{0} and l ∈ L. If c = 0,
then z = dyt+l ∈ I and so t ≥ m0. If t > m0, then z = dy
t−m0(ym0+l2)+l ∈ Ry
′⊕(I∩J),
a contradiction. Thus t = m0 and this implies that z = dy
′ + (l − dl1) ∈ Ry
′ ⊕ (I ∩ J), a
contradiction. Thus c ∈ R \M. We conclude similarly that d ∈ R \M. Our next claim is
that s = n0− 1 and t = m0− 1. If not, to obtain a contradiction, as we see by considering
the following three subcases:
Subcase (i): Suppose that s < n0 − 1 or t < m0 − 1. There is no loss of generality
in assuming that s < n0 − 1. Then x
n0−1 = xn0−1−sc−1z ∈ I which contradicts the
minimality of n0.
Subcase (ii): Suppose that s ≥ n0 and t ≥ m0. Then z = cx
s−n0x′ + dyt−m0y′ −
(cxs−n0 l1−dy
t−m0 l2)+ l ∈ I. Since z−cx
s−n0x′+dyt−m0y′ ∈ I, (cxs−n0 l1−dy
t−m0 l2)+ l ∈
(I ∩ J) and hence z ∈ Rx′ ⊕Ry′ ⊕ (I ∩ J), a contradiction.
Subcase (iii): Suppose that s ≥ n0, t = m0 − 1 or s = n0 − 1, t ≥ m0. Without loss of
generality we can assume s ≥ n0 and t = m0−1. Then z = cx
s−n0x′+dym0−1−cxs−n0l1+l
and so z − cxs−n0x′ = dym0−1 − cxs−n0l1 + l ∈ I. Thus y
m0−1 + d−1(l − cxs−n0 l1) ∈ I
which contradicts the minimality of m0.
8
Therefore, every element of I \ (Rx′⊕Ry′⊕ (I ∩ J)) has the form cxn0−1+ dym0−1+ l
where c, d ∈ R \M and l ∈ L. Let z′ = cxn0−1 + dym0−1 + l ∈ I \ (Rx′ ⊕ Ry′ ⊕ (I ∩ J))
where c, d ∈ R \M and l ∈ L. Since L2 = (0), it is easy to check that Rz′ ∩ (I ∩ J) = (0).
We now claim that I = Rz′ ⊕ (I ∩ J). Note that if x′ = xn0 , then x′ = xc−1z′ and so
x′ ∈ Rz′. Also, if x′ = xn0 + l1 for some nonzero element l1 of L, then x
′ = xc−1z′ + l1.
Therefore, since l1 ∈ J and l1 = x
′ − xc−1z′ ∈ I, so l1 ∈ I ∩ J . Hence x
′ ∈ Rz′ ⊕ (I ∩ J).
We conclude similarly that y′ ∈ Rz′⊕(I∩J). Thus Rx′⊕Ry′⊕(I∩J) ⊆ Rz′⊕(I∩J) ⊆ I.
Suppose, contrary to our claim, that I 6⊆ Rz′ ⊕ (I ∩ J). Then there exists an element
u ∈ I\(Rz′⊕(I∩J)) and so u ∈ I\(Rx′⊕Ry′⊕(I∩J)). Therefore, u = c′xn0−1+d′ym0−1+l′
for some c′, d′ ∈ R \M and l′ ∈ L. Then
u− c′c−1z′ = (c′xn0−1 + d′ym0−l + l′)− c′c−1(cxn0−1 + dym0−1 + l) = d′′ym0−1 + l′′ ∈ I
where d′′ = d′ − c′c−1d and l′′ = l′ − c′c−1l. If d′′ = 0, then l′′ ∈ (I ∩ J) and so
u = c′c−1z′ + l′′ ∈ Rz′ ⊕ (I ∩ J), a contradiction. If d′′ ∈ R \M, then ym0−1 + d′′−1l′′ ∈ I
which contradicts the minimality of m0. Thus d
′′ ∈ M and there exists r ∈ R such that
d′′ym0−1 = rym0 . Therefore
u− c′c−1z′ = rym0 + l′′ = ry′ − rl2 + l
′′ ∈ I,
and since l′′ − rl2 ∈ I ∩ J , it follows that u ∈ Rz
′ ⊕ (I ∩ J), a contradiction.
Therefore I = Rz′ ⊕ (I ∩ J). By Lemma 2.6, I ∩ J is a direct sum of at most |Λ|
simple R-modules. It follows that I is a direct sum of at most |Λ| + 1 cyclic R-modules
by Lemma 2.7. We need only consider the structure of each ideal of R/Ann(z′). It is easy
to check that Ann(z′) = Ann(xn0−1)∩Ann(ym0−1). Also, a trivial verification shows that
Ann(xn0−1) = H1 ⊕Ry ⊕ L and Ann(y
m0−1) = Rx⊕H2 ⊕ L
where
H1 = {rx ∈ Rx | rx+ sy + l ∈ Ann(x
n0−1), for some s ∈ R, l ∈ L}
H2 = {sy ∈ Ry | rx+ sy + l ∈ Ann(y
m0−1), for some r ∈ R, l ∈ L}.
Therefore we conclude that Ann(z′) = H1 ⊕H2 ⊕ L. Put R¯ = R/Ann(z
′). Then R¯ is
a local ring with the maximal ideal M¯ :=M/Ann(z′) ∼= Rx/H1⊕Ry/H2. It follows that
M¯ is a direct sum of at most two cyclic R¯-modules. Thus, by Corollary 3.2, the ring R¯ is
Noetherian. Therefore, by [1, Theorem 2.11], every ideal of R¯ is a direct sum of at most
two cyclic modules (see Result 1.2) which completes the proof. 
Now we are in a position to prove the main theorem of this paper. In fact we describe
the ideal structure of local rings R for which every ideal is a direct sum of cyclic modules.
Theorem 3.7. Let (R,M) be a local ring. The following statements are equivalent:
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(1) Every ideal of R is a direct sum of cyclic R-modules.
(2) Every ideal of R is a direct sum of cyclic R-modules, at most two of which are not
simple.
(3) There is an index set Λ and a set of elements {x, y} ∪ {wλ}λ∈Λ ⊆ R such that
M = Rx ⊕ Ry ⊕ (
⊕
λ∈ΛRwλ) with: each Rwλ a simple R-module and R/Ann(x),
R/Ann(y) principal ideal rings.
(4) There is an index set Λ such that every ideal I of R is one of the following forms:
(i) I = Rx′ ⊕ Ry′ ⊕ (
⊕
γ∈ΓRw
′
γ) where Γ is an index set with |Γ| ≤ |Λ| where
Rw′γ’s are simple R-modules and x
′, y′ ∈ R such that R/Ann(x′), R/Ann(y′)
are principal ideal rings.
(ii) I = Rz′ ⊕ (
⊕
γ∈ΓRw
′
γ) where Γ is an index set with |Γ| ≤ |Λ|, Rw
′
γ’s are simple
R-modules and z′ ∈ R is such that every ideal of R/Ann(z′) is a direct sum of at
most two principal ideals.
(5) Every ideal of R is a direct summand of a direct sum of cyclic R-modules.
(We note that the index sets Λ’s in the above statements (3) and (4) are the same and
|Λ|+ 2 is a bound for the direct sum decompositions of all ideals of R).
Proof. (1)⇒ (3). Follows from Theorem 3.1 and Theorem 3.3.
(3)⇒ (4). Follows from Propositions 3.5 and 3.6.
(4)⇒ (2), (2)⇒ (1) and (1)⇒ (5) are clear.
(5)⇒ (1). Follows from Lemma 2.5. 
By Corollary 3.2, Theorem 3.7 and [1, Theorem 2.11], we have the following ideal
structure description for local rings (R,M) where M is finitely generated and every ideal
of R is a direct sum of cyclic modules. Also, this result is an analogue of Kaplansky’s
theorem [4, Theorem 12.3].
Corollary 3.8. Let (R,M) be a local ring. Then the following statements are equivalent:
(1) M is finitely generated and every ideal of R is a direct sum of cyclic R-modules.
(2) R is Noetherian and every ideal of R is a direct sum of cyclic R-modules.
(3) There exist an positive integer n and a set of elements {v1, · · · , vn} ⊆ R such that
M = Rv1 ⊕ · · · ⊕Rvn with: each R/Ann(vi) a principal ideal ring and at most two of
Rvi’s not simple.
(4) There exists an positive integer n such that every ideal of R is of the form I =
Rv1 ⊕ · · · ⊕ Rvm where m ≤ n, {v1, · · · , vm} ⊆ R and at most two of Rvi’s are
not simple.
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(5) There exists an positive integer n such that every ideal of R is a direct sum of at most
n cyclic R-modules.
(6) There exists an positive integer n such that every ideal of R is a direct summand of a
direct sum of at most n cyclic R-modules.
(We note that the integers n’s in the above statements are the same and it is a bound for
the direct sum decompositions of all ideals of R).
Remark 3.9. Let R1, . . . , Rk, where k ∈ N, be nonzero rings, and let R denote the direct
product ring
∏k
i=1Ri. It is well-known that, if Ii is an ideal of Ri for each i = 1, . . . , k,
then I =
∏k
i=1 Ii is an ideal of R. Furthermore each ideal of R has this form. It is
straightforward to check that the ideal I =
∏k
i=1 Ii of R is a direct sum of cyclic ideals of
R if and only if the ideal Ii is a direct sum of cyclic ideals of Ri for each i = 1, . . . , k.
We are thus led to the following strengthening of Theorem 3.7 and Remark 3.9.
Corollary 3.10. Let R =
∏k
i=1Ri, where k ∈ N and where each Ri is a local ring with
maximal ideal Mi (1 ≤ i ≤ k). The following statements are equivalent:
(1) Every ideal of R is a direct sum of cyclic R-modules.
(2) For each i, every ideal of Ri is a direct sum of cyclic Ri-modules, at most two of which
are not simple.
(3) For each i, there is an index set Λi and a set of elements {x, y} ∪ {wλ}λ∈Λi ⊆ Ri
such that Mi = Rix ⊕ Riy ⊕ (
⊕
λ∈Λi
Riwλ) with: each Riwλ a simple R-module and
Ri/Ann(x), Ri/Ann(y) principal ideal rings.
(4) There exit index sets Λ1, . . . ,Λk such that for each 1 ≤ i ≤ k, every ideal of Ri is of
the forms I = Rix
′⊕Riy
′⊕ (
⊕
γ∈Γi
Riw
′
γ) or I = Riz
′⊕ (
⊕
γ∈Γi
Riw
′
γ) where Γi is an
index set with |Γi| ≤ |Λi|, Riw
′
γ ’s (γ ∈ Γi) are simple Ri-modules, x
′, y′, z′ ∈ Ri such
that Ri/Ann(x
′), Ri/Ann(y
′) are principal ideal rings and every ideal of Ri/Ann(z
′)
is a direct sum of at most two principal ideals.
(5) Every ideal of R is a direct summand of a direct sum of cyclic R-modules.
4. Examples
In this section we provide several examples illustrating the results of Section 3 as well as
the necessity of certain hypotheses in these results. We begin with the following interest-
ing example. In fact, the following example shows that the corresponding of the above
Corollary 3.10, is not true in general for the case R =
∏
λ∈ΛRλ where Λ is an infinite
index set and each Rλ is a local ring (even if for each λ ∈ Λ, Rλ ∼= Z2).
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Example 4.1. Let Λ be an infinite index set and {Fλ | λ ∈ Λ} be a set of fields. We
put R =
∏
λ∈Λ Fλ. Thus for each λ ∈ Λ, Fλ is a local ring and every ideal of Fλ is cyclic
(that is (0) or Fλ). Clearly, I =
⊕
λ∈Λ Fλ is a non-maximal ideal of R and hence there
exists a maximal ideal P of R such that I ( P . It was shown by Cohen and Kaplansky
[3, Lemma 1] that P is not a direct sum of principal ideals. Thus the corresponding of
the above Corollary 3.10, is not true in general for the case R =
∏
λ∈ΛRλ where Λ is an
infinite index set.
Let (R,M) be a local ring. By Theorem 3.7, every ideal of R is a direct sum of cyclic R-
modules if and only if there is an index set Λ and a set of elements {x, y} ∪ {wλ}λ∈Λ ⊆ R
such that M = Rx ⊕ Ry ⊕ (
⊕
λ∈ΛRwλ) with: (i) each Rwλ a simple R-module, (ii)
R/Ann(x), R/Ann(y) principal ideal rings. Moreover, in this case, every ideal I of R has
the form I = Rx′ ⊕ Ry′ ⊕ (
⊕
γ∈ΓRw
′
γ) where Γ is an index set with |Γ| ≤ |Λ|, Rw
′
γs
(γ ∈ Γ) are simple R-modules and x′, y′ ∈ R. The following example shows that property
(ii) does not hold for all ideals of R, even if R is Artinian and M is two generated.
Example 4.2. Let F be a field, let n ≥ 3 and let R be the F -algebra with generators
x, y subject to the relations xn = yn = xy = 0, R ∼= F [X,Y ]/ < Xn, Y n,XY >. The
ring R is a Noetherian local ring with maximal ideal M = Rx ⊕ Ry. Since Mn = (0),
dim(R) = 0 and so R is an Artinian local ring. By Theorem 3.7, every ideal of R is a
direct sum of at most two cyclic R-modules and R/Ann(x), and R/Ann(y) are principal
ideal rings. Let I = Rz where z = x + y. We note that if I =
⊕n
i=1Rzi where n ∈ N
and Rzi are nonzero cyclic R-modules, then by Lemma 2.7, n = 1. Set R¯ = R/Ann(z).
Clearly Ann(z) = Rxn−1⊕Ryn−1. Since M¯ :=M/Ann(z) ∼= (Rx/Rxn−1)⊕ (Ry/Ryn−1),
it follows that the maximal ideal M¯ of R¯ is a direct sum of two nonzero cyclic R¯-modules
and hence by Lemma 2.7, M is not principal, i.e., R¯ is not a principal ideal ring.
By [1, Example 3.1], for each integer n ≥ 3, there exists an Artinian (Noetherian)
local ring (R,M) such that M is a direct sum of n cyclic R-modules, but there exists a
two generated ideal of R such that it is not a direct sum of cyclic R-modules. Next, the
following example shows that there exists also a non-Noetherian local ring R such that
every prime ideal of R is a direct sum of cyclic R-modules, but some of the ideals of R are
not direct sums of cyclic R-modules.
Example 4.3. Let F be a field and let R be the F -algebra with generators {xi | i ∈ N}
subject to the following relations x31 = x
3
2 = x
3
3 = x
2
k = 0, k ≥ 4 and xixj = 0 for all i 6= j,
R ∼= F [{Xi | i ∈ N}]/ < X
3
1 ,X
3
2 ,X
3
3 ,X
2
k ,XiXj | 4 ≤ k ∈ N, i 6= j ≥ 1 >. Then R is a non-
Noetherian local ring with the maximal ideal M =
⊕
i∈NRxi. Clearly Spec(R) = {M}
since M3 = (0). Thus every prime ideal of R is a direct sum of cyclic R-modules, but by
Lemma 2.3, the ideal J = R(x1+x2)+R(x1+x3) is not a direct sum of cyclic R-modules.
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By Theorem 3.1, if a local ring (R,M) has the property that every ideal I of R is a
direct sum of cyclic R-modules, then dim(R) ≤ 1 and |Spec(R)| ≤ 3. Clearly, |Spec(R)| =
1 whenever dim(R) = 0 and |Spec(R)| = 2 or 3 whenever dim(R) = 1. The following
examples cover all the different cases mentioned above for dim(R) and |Spec(R)|.
Example 4.4. Let F be a field and n ∈ N. Consider the following rings:
(1) R1 = F [[X]] (formal power series ring).
(2) R2 = F [{Xi | 1 ≤ i ≤ n}]/ < {XiXj | 1 ≤ i, j ≤ n} >.
(3) R3 = F [{Xi | i ∈ N}]/ < {XiXj | i, j ∈ N} >.
(4) R4 = F [[X,Y ]]/ < XY, Y
2 >.
(5) R5 = F [[{Xi | i ∈ N}]]/ < {XiXj | i 6= j} ∪ {X
2
i | i ≥ 2} >.
(6) R6 = F [[X,Y ]]/ < XY >.
(7) R7 = F [[{Xi | i ∈ N}]]/ < {XiXj | i 6= j} ∪ {X
2
i | i ≥ 3} >.
It is easy to check that all above rings are local and by Theorem 3.7, one can easily
see that for each i ∈ {1, 2, · · · , 7} the ring Ri has the property that every ideal is a direct
sum of cyclic ideals. Let Mi denote the maximal ideal of Ri for i ∈ {1, 2, . . . , 7}. Then
we easily obtain the following:
(1) R1 is a domain (in fact R1 is a local PID) with dim(R1) = 1, M1 =< X > and
Spec(R1) = {(0),M1}.
(2) R2 is a non-domain Artinian ring with dim(R2) = 0, M2 = R2x1⊕ · · · ⊕R2xn (where
xi = Xi+ < {XiXj | 1 ≤ i, j ≤ n} >) and Spec(R2) = {M2}.
(3) R3 is a non-domain, non-Noetherian ring with dim(R3) = 0, M3 =
⊕∞
i=1R3xi (where
xi = Xi+ < {XiXj | i, j ∈ N} >) and Spec(R3) = {M3}.
(4) R4 is a non-domain, Noetherian ring with dim(R4) = 1, M4 = R4x ⊕ R4y (where
x = X+ < XY, Y 2 > and y = X+ < XY, Y 2 >) and Spec(R4) = {M4, R4y}.
(5) R5 is a non-domain, non-Noetherian ring with dim(R5) = 1, M5 =
⊕∞
i=1R5xi (where
xi = Xi+ < {XiXj | i 6= j} ∪ {X
2
i | i ≥ 2} >) and Spec(R5) = {M5,
⊕∞
i=2R5xi}.
(6) R6 is a non-domain, Noetherian ring with dim(R6) = 1, M6 = R6x ⊕ R6y (where
x = X+ < XY > and y = Y+ < XY >) and Spec(R6) = {M6, R6x, R6y}.
(7) R7 is a non-domain, non-Noetherian ring with dim(R7) = 1, M7 =
⊕∞
i=1R7xi (where
xi = Xi+ < {XiXj | i 6= j} ∪ {X
2
i | i ≥ 3} >) and
Spec(R7) = {M7,
⊕∞
i=2R7xi, R7x1 ⊕ (
⊕∞
i=3R7xi)}.
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